Mathematical models with negative feedback regulations
Since stem cells can regulate its population through their cell division and other mechanisms, a feedback mechanism is a viable way to self-regulate their populations. One feedback mechanism is to assume the TDCs can regulate the synthesis rates of CSCs and PCs, known as Type I feedback. When the synthesis rate, the v-parameter, is regulated by the negative feedback from TDCs by Hill functions with a Hill coefficient of 2 and feedback strength parameters with a time delay , the equations for the system take the following form,
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Another feedback mechanism is to assume the probability of symmetric cell division is regulated by the population of TDCs, known as Type-II feedback. When p-and qparameters are controlled by the negative feedback again by Hill functions with a Hill coefficient of 2 and feedback strength parameters with a time delay , the governing equations take the form, If we combine both Type I and Type II feedback mechanisms in the model, the governing system of equations takes the form,
Mathematical modeling for the inter-transition between CSCs and non-stem cancer cells
In comparison with the models with negative feedbacks, another alternative mechanism has been proposed to explain the equilibrium between CSCs and non-stem cancer cells due to the inter-transition of cancer cell populations 1 . In favor of this idea, several studies have shown that CSCs can be generated from non-stem cancer cells 2, 3 . We also test the possibility of such a mechanism for the model without feedback control (Fig. (S3)
4 S7A). Our analysis and computation reveals that such a system requires much more strict conditions on the choice of parameters than the one with the two feedback loops in order for the cell population to achieve an equilibrium, and in particular, it fails to match the observed data for the dynamics of fluctuation of CSC contents as well as cell population during the culture course ( Fig. S6b & c) .
For the system when stem cells can be generated from non-stem cells, the model without feedback regulations can be modified as follows however (here assuming zero death rates for both CSCs and PCs),
where depicts the synthesis rate from cell type i+1 to type i. In order for such a system to reach a non-zero equilibrium state, the following constraints on the parameters need to be held, Even though this system has a potential to reach an equilibrium state, such an equilibrium is very sensitive to the choice of parameter values. In general when is very small, needs to be very close to 1 in order to achieve an equilibrium. Moreover, it is very difficult to match the model predictions with our experimental observations (Fig. S7b & c) .
Analysis of tumor sphere formation
In literature 4,5 , it is believed that tumorspheres can be derived from either CSCs or PCs.
However, the ability of non-stem cells to produce tumorspheres over an extended period of time is quite limited. Therefore, when simulating tumorsphere formation, we add a degradation rate to the equation for progenitor cells (PCs) in our mathematical model with two negative feedback loops. Consequentially, in order to incorporate the observed data into our simulation, we make the following assumptions for continuously passaged tumorspheres: the fraction of tumorspheres which are derived from CSCs is 1:r, and CSCs renew itself N times during sphere formation, and the average cell number for each tumorsphere derived from CSCs is , and the average cell number for each tumorsphere For the system with the asymmetric division while still neglecting PCs, one way to add negative feedback is on the asymmetric division probability. As reported in 6 and confirmed by our analysis, the addition of negative feedback on the asymmetric division probability itself does not change any of the results from Eq. (S7). Here we implement the negative feedback on instead, the system of equations then takes the following form,
The non-trivial steady-state solution of Eq. (S8) can be found by solving the following equations,
For the stationary solution to be asymptotically stable, the necessary and sufficient condition will be, A sufficient condition can be taken, For the system with two negative feedbacks while neglecting asymmetric division for both CSCs or PCs (Fig. S5A ), the equations take the form,
Remarks
1: Mathematical analysis confirmed by computation reveals that the negative feedback on is crucial for the robust and faithful data fitting.
If a negative feedback is added on the symmetric division probability or CSCs to produce two PCs instead of asymmetric division probability itself, the condition to control the cell growth becomes more flexible. For instance, the condition in Eq. (S8b) suggests that the negative feedback strengths of and can be modulated coordinately to reach a stable stationary point, while the condition in Eq. (S7b) only has one function to adjust to control the cell growth.
2: Our studies show that the negative feedback on is crucial in order to simultaneously match two experimental data sets: the overall tumor growth and the relative proportion of CSCs (Figs. 1,2 and S5).
Without asymmetric division, neither the model in Eq. (S7) or model in Eq. (S9) is able to simultaneously match both the overall tumor growth and the relative proportion of CSCs obtained from our experiments (Fig. S5 ). Both the models in Eq. (S4) and Eq. (S8) with negative feedback regulation on however can achieve a good agreement with experiments on overall tumor growth as well as relative proportion of CSCs (Figs. 1, 2 and S5). This indicates the importance in designing the appropriate feedback control mechanism in the model.
3:
The presence of progenitor cells (PCs) plays an essential role in predicting the roles of overexpression of the oncogene Her2 in breast cancer. From our new experiments, we observe that overexpression of HER2 in MCF7 breast cancer cells has no effect on the growth kinetics of the total cell population (Fig. 3c ) even though it results in an almost 13-fold increase in the CD44 + CD24 -cell population (11.4 ± 1.5% vs. 0.9 ± 0.3%) (Fig.   3d ).
By neglecting progenitor cells while retaining negative feedback on like in our model, the model in Eq. (S8) predicts that the increase of symmetric division rate ( ) by 50%
leads to an increase in the percentage of CSCs and it also drastically affects the overall tumor growth. In contrast, the increase in the synthesis rate ( ) only shifts the curve of the overall tumor growth and the percentage of CSCs to the left without affecting their equilibrium states (Fig. S6 ). Hence the model in Eq. (S8) is not consistent with our observed data on overexpression of HER2, and thus cannot be used to make a prediction on the role of HER2 in breast cancer.
For our model with PCs included (Eq. (S4)), the growth curves agree with each other within 5% error tolerance even with 50% increased values of , while the increase of dramatically changes the proportion of CSCs (Fig. 3b & c) . This is consistent with 8 the observed data on overexpression of HER2, indicating that it is likely that overexpression of HER2 increases and/or .
4: The presence of progenitor cells (PCs) is necessary to explain the observed data in tumorsphere culture. As supported in literature 4, 5 , it is believed that tumorspheres can be derived from either CSCs or PCs.
By neglecting progenitor cells (PCs), neither the model in Eq. (S7) or Eq. (S8) is able to simulate the dynamics of tumorsphere forming capability and relative proportion of CSCs. Assuming that all the tumorsphere arise from CSCs, the tumor spheres for each passage based on the models in Eq. (S7) and (S8) should be identical to each other. Hence the tumor sphere forming capability and the proportion of CSCs in the generation of tumorspheres should always remain with a fixed constant with continuous tumorsphere culture (Fig. S8 ).
Our analysis and computation based on our model in (S4) suggests that even though the proportion of CSCs shows a sharp increase in the first generation of tumorspheres, it cannot continue to increase over the tumorsphere passages. We test this prediction by evaluating the tumorigenicity of tumorspheric cells at different passages in syngeneic animals. We indeed observe that the proportion of CSCs in the first generation of tumorspheres is enriched about 30-fold, however, the tumorigenicity of tumorspheres decreases gradually with continuous tumorsphere culture (Fig. 4) . The fraction of CSCs for the first passage was estimated from observed adherent data, from which we calculate CSCs self-renew times during sphere formation for one passage. In all our calculations, we also did not consider the variation in the size of spheres, using the averaged cell number for all spheres in our prediction. NA: not available. Figs. 5A and 5B are a combination of the ones in Fig. 5C and 5D.
Supplementary References
All the parameters used in the typical simulations shown in different figures are selected as the same in table (1) only if specified otherwise. For all the tables, the parameters are based on the best fitting from random sampling with error to the obs ic curves.
In our computational exploration, we assign each parameter a certain range and randomly select a value lying in this range followed by a normal distribution. For the parameters of p and q, the constraints that we have considered for the data fitting are From the experimental observation, the self-r uch slower than that of PCs, and the natural death rates for CSCs and PCs should also b L 2 p rates ete uld be m e smaller than that of TDCs, m samp The parame 4 × 10 2 (days) 
